1. Vectors and Parametric Equation of a Line

In this lecture, we will discuss
e Vectors
o Cartesian Coordinates and Polar Coordinates
o Length of a vector; Addition of Vectors and Multiplication by Scalars
e Parametric Curves
Vectors
Below, we review the definitions and basic properties of vectors.

Cartesian Coordinates

e InRR?

o Avectorv = (vl, ’02) in R2 can be written as
vV = (’Ul,’UQ) = Ul(l,O) + UQ(O, 1) = v1l + vaj,
wherei = (1,0),j = (0, 1) are the standard unit vectors in R
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e InR?,
o Avector v = (v1,vs,v3) in R3 can be written as
v = (v1,v2,v3) = v1(1,0,0) + v2(0,1,0) + v3(0,0,1) = v1i + voj + vk,
wherei = (1,0,0), j = (0,1,0),and k = (0,0, 1) are the standard unit vectors in R3,
172
V=(3.4,¢)

e Generally, R = {(z1,...,z,) |z; € R,i=1,...,n}.



Polar Coordinates
r , 7)

(2)Question. How do you locate a point 2 kilometers southwest from here?
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¢ Polar coordinates of a point
1. Choose a point O in a plane (pole)
2. Choose a half-line starting at O (polar axis)
3. The location of any point A in the plane is determined by
= the distance 7(r > 0) from O to 4, and
= the angle 8(0 < 6 < 27) between the polar axis and the segment OA.
4. By convention, # is measured in radians counterclockwise from the polar axis.

5. We say that r and @ are the polar coordinates of A and write A(r, 6).
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e Polar and Cartesian coordinates
We compare polar and Cartesian coordinates as follows:
o Place the pole at the origin and the polar axis over the positive direction of the x-axis.

o Note
x=rcosf, y=rsind

o Ifz andy are known,

r=+z2+y? tanf=y/z, 0<60<2n

give corresponding polar coordinates.
o Notice that arctan(y/x) € (—%, %), butthe requirement for §is0 < 6 < 27. We have
arctan(y/x) ifr>0andy >0

Aj arctan(y/z) +n  ifz <0
/] arctan(y/z) + 27 ifx >0andy <0

Example 1. Find the vector of length 5 making an angle of 60° with the y-axis (present the vector in Cartesian
Coordinates).
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Length of a vector

The length of a vector is equal to the length of any of its representatives.

v = (01, 2) s 2 vector in B2 then [[v]| = /o3 + 3
If v = (v1,vs,v3) is a vector in R3, then ||v|| = \/m

e Unit Vector

o Avector whose length is 1 is called a unit vector.

v
o Ifvisanonzero vector, then the vector _|| is the unit vector in the same direction as v.
v

A4
o Constructing a unit vector W from a nonzero vector v is sometimes called normalizing a vector.
v

Example 2.

1. Find the length of the vector v.

2. Find the vector parallel to v with length 2.

v = sinfi + cosfj + k
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Addition of Vectors and Multiplication by Scalars

Definitions (Addition and Scalar Multiplication)

(a) (Addition of Vectors) The sum v + w and the difference v — w of two vectors v = (vl, 1)2) and w =
(w1, ws) in R? are the vectors given by v + w = (v1 + w1, v2 + ws) and v — w = (v1 — w1, vy — w2).

If v = (v1,v2,v3) and w = (wy, ws, w3) are in R3, then v+ w = (v1 + w1, vs + w2, v3 + w3) and
V—W = (’Ul — W1,V — W2,V3 — ’LU3).

(b) (Scalar Multiplication) If v = (v, v2) € R? and a € R, then av is the vector in R? defined by
av = (avy, avs). If v = (v1,v2,v3), then av = (awy, avs, awvs) for any real number a.

Remark (Parallel Vectors). We say the vectors v and w are parallel if there exist a nonzero number a such
that w = av.

If & > 0, then av and v have the same direction.
If o < 0, then av and v have the opposite direction.

e Triangle Law

Triangle Inequality: ||[v + w|| < ||v|| + ||w||
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THEOREM 1.1 Properties of Addition and Multiplication by Scalars

For all vectors u, v, and w in R2 (or, for all vectors u,v,and win R3 ) and real numbers « and B, the following
properties hold:

Viw=w+vV (commutativity)

ut (v+w)=(u+v)+w (associativity)
a(v+w)=av+aw (distributivity)
(a+ B)v=av+pv (distributivity)
(@B)v = a(Bv).

If 0 denotes the zero vector, then v+ 0 = v_Finally,1 - v =v.

Example 3.

(1) Write the vector u in terms of the other vectors.
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(2) Write the vector b in terms of the other vectors.

b= -2a+73¢

(3) Write the vector a in terms of the other vectors.
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Parametric Equation of a Line

Recall the Triangle Law of computing the addition a + b.
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Example 4. Find an equation of the line £ in R? that passes through (1,2) and in the direction of the vector
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Summary. Parametric Equation of a Line

1. Pick a point A (a1, a2) and a vector v = (v1, v3).

2. Let £ denote the line that contains A and whose direction is the same as v, and let P(z, y) be a point on

it.
3. By the Triangle Law, p = a + w, where p = (z,y),a = (a1, a2), and w is the vector from A to P.
4. Since w is parallel to v,w = tv forsomet € R
5. Thusp = a+tv,t € R, which is the vector form of a parametric equation of the line £.
6. This equation is usually written as
1(t) =a+tv, teR,
or,

1(¢) = (a1 + tv1, a2 +tvy), teER, or,

Any of the above forms is called a parametric equation (or parametric equations) of a line.

In R3, the parametric equations of the line £ that contains a point A (al, as, a3) and with direction of a vector
v = (v1,v2,v3) are

1(t) = a+tv = (a1 + tvi,as + tvg, a3 + tvg), teR.

Exercise 5.

1. Find an equation r(t) of the line in R? that contains (1,2, 0) and (0, —2, 4).

2. Rewrite r(t) as the corresponding parametric equations for the line:

z(t) =7
y(t) =7
z(t) =7
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